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The main result of the theory of variational inequalities on convex sets for 
monotone nonlinear operators T from a reflexive real Banach space X to its 
dual X’ is stated in Theorem 1 below. We denote the pairing between ~1 E X 
and V’ E X’ by (D’, V) and their norm by // v /I and I/ zl’ (1 .
THEOREM 1. Let T be a monotone hemicontinuous map’ of a closed convex 
subset K of X, with 0 E K, to x’ and, if K is not bounded, let T be coercive on K, 
i.e. (Tu, u)/li u lj+ + CO as I/ u 11 --t + co, u E K. Then for any v’ E X’ 
there exists a solution u,, in K of the inequalities 
l Tu, - v’, v  - u,, j >, 0, v E K.* 
F. E. Browder has recently given the following extension of this theorem 
THEOREM 2. Let T be a monotone hemicontinuous operator from X to X’, 
f  a convex lower semicontinuousfunction from X to ( - CO, + 001, withf (0) = 0, 
such that 
{CC ui +fW> - + co 
llu II 
as 
II 24 II -+ + a* 
* This research has been supported in part by C.N.R. (Gruppo 46). 
1 We recall that a mapping T from X to X’ is said to be monotone if < Tu - TV, 
N - v> > 0 for all u and ZJ in the domain D(T) of T. T is said to be hemicontinuous if 
D(T) is convex and T is continuous from each line segment in D(T) to the weak 
topology of x’. 
2 This theorem was first proved in the special case of Tan accretive linear operator 
in a Hilbert space by G. Stampacchia, “Formes bilinkaires coercitives sur les ensembles 
convexes,” C.R. Acad. Sci. Paris 258 (1964), 4413-4416. This general theorem is due 
to P. Hartman and G. Stampacchia, “On some nonlinear elliptic functional differential 
equations,” Acta Math. 115 (1966), 271-310 and F. E. Browder, “Non linear monotone 
operators and convex sets in Banach spaces,” Bull. Amer. Math. Sot. 71 (1965), 781- 
78.5. 
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Then for any v’ E X’ there exkts a solution u,, in X of the inequalities 
<Tq, - v’, ‘u - 4 >f (4 -f (4, v E x.3 (2) 
As it has been remarked by F. E. Browder, Theorem 2 provides a unified 
formulation of the basic existence theorems for the following problems: 
monotone operator equations (when f = 0); variational problems on convex 
sets (when T = 0); monotone operators inequalities on convex sets (when f 
is the indicatrix function of a convex K, i.e., f = 0 on K and f EF + CO off 
K, then Theorem 2 actually reduces to Theorem I). 
In the present note we prove that Theorem 2 is contained in Theorem 1. 
In fact, it can be proved as follows. 
Let 1’ be the direct sum of X and the real line; K the (closed convex) 
subset of all s = {v, /3} of I’ with /3 > f (v); Tl the (monotone hemicontinu- 
ous) mapping of K to the dual V’ of I’ defined by Tl{v, fi} = {TV, O}; y’ 
the vector {v’, - l} of V’. Let (x’, x) still denote the pairing between J E 1,’ 
and x’ E I” and 11 x I/ be the norm of .1c in r. 
Clearly, there exists a solution u,, in X of the inequalities (2) provided 
there exists a solution x0 in K of the following inequalities 
(T,x, - y’, y - xo> b 0, y E K. (2’) 
For any R > 0 let us denote by KR the bounded section 
K n G-J : II w II 6 R) 
of K. By Theorem 1 there exists a solution x in KR of the inequalities 
(T,x-y’,w -x) 20, WEK~. (3) 
The set of all such x is bounded, which is to say there exists a fixed R, > 0, 
independent of R, such that 
I/x/I <&, 
for all 3~. In fact, let x = {u, CY} be any such solution. Putting w = 0 in (3) 
we find 
(Tu, u) - (v’, u) + 01< 0. 
Hence (Tu, u) + f(u) < /I v’ II II u I( which implies by condition (c) of 
s F. E. Browder, “On the unification of the calculus of variations and the theory of 
monotone non linear operators in Banach spaces,” F’YOC. Amer. Math. Sot. 56, 2 (1966), 
419-425. A special case of Theorem 2 was first proved by C. Lescarret, “Cas d’addition 
des applications monotones maximales dans un espace de Hilbert,” Corn@. Rend. Acad. 
Sci. Paris 261 (1965), 1160-l 163 and by J. L. Lions and G. Stampacchia, “Variational 
inequalities,” to appear in Comm. Pure Appl. Math. 
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Theorem 2 that there exists a fixed R, such that I/ u 11 < R, . RIoreover, 
since <ITu, UJ >, (TO, u) by the monotonicity of T, we have 
JI < (II TO II + II v’ II) II u II; 
on the other hand we have (Y >f(u) 3 - c I/ u 11 for some c > 0. Therefore 
there exists a fixed R, :- 0 such that 11 x 11 < R, . 
In particular, there exists a solution x,, in KRo of the inequalities 
( T,x, - y’, w - x0) 2 0, w E KRo (4) 
and for such a s,, we actually have 11 s,, I/ < R, . Then x,, is also a solution of 
the inequalities (2’). In fact, for any y  E K we can find w E KRo such that 
~(y - x0) = w - x,, for q > 0 sufficiently small. Hence (2’) is a consequence 
of (4) and Theorem 2 is proved. 
REMARK 1. Let us replace condition (c) in Theorem 2 by the following 
assumption: For a given D’ E X’ there exists R, > 0 such that 
(Tu - d, u) +f(u) > 0 if II u II = R, . (4 
Clearly (c’) implies (Tu - o’, u> +f(u) > 0 for all u with 11 u 1) 3 RI . 
I f  ,V = {u, a} is any solution of (3) we find, putting w = 0 in (3), that 
CTu - v’, u> +f(u) < 0. Thus we have 11 u I/ < R, and consequently 
[I s 11 < R, for some fixed R, > 0 independent of R. Then we conclude as 
in the proof above that a solution zc,, E KRo of (4) is also a solution of (2’). 
Therefore, for a given z+ E X’, (c’) is a sufficient condition for the existence 
of a solution u0 E X of the inequalities (2). Th is result is indeed a variant of 
Theorem 2 also proved by F. E. Browder, Zoc. cit. in footnote 3. 
REMARK 2. The final argument in the proof above and the foregoing 
remark are based on the following general properties of the inequalities (1): 
A vector ua of K satisfies the inequality (Tu, - v’, o - zr,,) >, 0 for all v  of K, 
provided u,, satisfies the same inequality for all v  of K which belong to a 
strong neighborhood of u0 . Hence a sufficient condition for the existence of a 
solution u0 E K of the inequalities (1) is, for a given 21’ E X’, the existence for 
some R, > 0 of a solution u,, E KRo of the inequalities 
(Tu, - v’, v - uo) > 0, v E KRo 
such that 11 u,, // < R,,.4 The existence of such a u,, is clearly a consequence 
of Theorem 1 and the following assumption: There exists R, > 0 such that 
<Tu-v’,u) >0 for all u of K with II u /I = 4, - 
‘See P Hartman and G. Stampacchia, lot. cit., pp. 273, 275, and J. L. Lions and 
G. Stampacchia, lot. cit., Sec. 4. 
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Finally we note that the reduction of Theorem 2 to Theorem 1 makes it 
possible to apply the results on the dependence on K of solutions of the 
inequalities (1) we proved elsewhere5 to the approximation of solutions of 
minimum problems or, more generally, of inequalities such as (2). 
’ U. Mosco “Approximation of the solutions of some variational inequalities,” to 
appear in Ann. SC. Norm. Sup. Piss. An extension to the nonlinear case will appear 
in a forthcoming paper. 
